Werify the solution of the differential equation.

Solution Differential Equation

Y= e _j"r = -1-_'|'

I. Check: v' = 4Ce*

= 4y

Werify the solution of the differential equation.

Sellution Differential Eguation

Zxy
)

o+ yi=Cy y'=

I, Check: 2x + 2yy" = Oy’

] ; i
. Y Ty -0
; Y
X 2y — Cy
: .
' 2y = (% + ¥?)
. _ =2z
= g
p Zxy
. =—
t? — y?

Verify the solution of the differential equation.

Serlution Differential Equation
y=Ceosx + Cosiny y'+y=0

I. Check: y'=—C;sinx + Ccosx

2, y'=—=C,cosx — C,sinx

> ¥y

=Cyeosy — Cysiny + Oy cosx + O sinx

4 =0



Werify the solution of the differential equation.

Selution Differential Equation

y=—cosxlnjsecx +tanx| y"+y=rtanx

I, y'={=cosx)—————(secx - tanx + sec®x) + sin.xIn|sec x + tan x
sec x + tan x

—CO5 X .
o g0 {sec x)(tan x + sec x) + sin x In|sec x + tan x|
sec.x + tan x

i, = =1+ sinxIn|secx + tan x|
” - I 2
boy" = {sinx) {sec x - tan x + sec® x) + cosx In|sec x + tan x|
sec x + tan.x
5. = (sinx)(sec x) + cosx In|sec x + tan x|
0. Substituting,
3" 4+ v = (sin x){sec x) + cos x In|sec ¥ + tan x| — cos x In|sec x + tan x|

-1
Il

tan x.



Verify the particular solution of the differential equation.

Differential Equation

Serlution aned Initial Condition
v = sinxcosy — costy 2y 4+ v = 2sin(2x) — 1
s
M=) =0
)
I y'= —sin®x + cos?x + 2 cos x sinx
2 = =1+ 2eos?x + sin 2y

3. Differential equation:

4 2y + v = 2sinxcosx — cos’x) + (=1 + 2cos®x + sin 2x)

5. = 2simnxcosxy — | 4 sin 2x
B. = 2zin2x — 1
7. Initial condition:
(Tr) sin — cos - — cos? =
. - _
4 4 4 4
2 V3 [y
8. = - -
2 2 2

=0



13.

15.

Werify the particular solution of the differential
equation,

Differential Equation
Selution endd Inirial Condition
y=6e I y'= —dxy

o) =6
Iy = 6e (= 4)
2. = =24y

. Differential equation:

V= —24xe 2
= —dx(6e2¥)
L = —dxy

=

. Imitial condition:

4(0) = 6207

T = fe”
8 = 6(l)
i —_— E’.

Determine whether the function is a solution of the
differential equation ¥y — 16y = 0.

y=3cosx

1. v = 3 cosx
29y — 1y = —45¢cos x
3, #0



17.

19.

21.

Determine whether the function is a solution of the
differential equation v — 16y = 0.

_'I' =g ax

I plh = 16e 2

2. _1":'” — 1oy = l6e o — e
3 =

4 Yes

Determune whether the function is a solution of the
differential equation v — 16y = (.

= e+ Coe > + Cysin2e + Cycos 2x

| i

It

16Ce™ + 16C,e 2 + 16C, sin 2x + 16C, cos 2x
0

II

2.y — 16y

3. Yes

Determine whether the function is a solution of the
differential equation xy " — 2y = yle*,

I vi=12y

1oayt— 2y = o2x) — 2(x%)

i = {)
I # et
3. No



23.

25

Determine whether the function is a solution of the
differential equation xv " — 2y = xlet,

_'I' — _1.2{2 + E;.l]

’ Vo= x¥et) + 242 + o)

2 xy"— 2y = afdfe' + Zxet + dx] — 2[xle + 2]

3, =yl

4 Yes

Determine whether the function is a solution of the
differential equation xv " — 2y = xlet,

y=lInx



Some of the curves corresponding to different values of
Cin the general sofution of the differential equation are
given. Find the particular solution that passes through
the point shown on the graph.

Seluatiom Differentiol Equation

y=Ce 2 2 +y=0

I. v = Ce */'* passes through {0, 3).
et
i o=C

3
Lk
II

., = =3

gl

Particular solution: y = 3¢ */2



27.

Some of the curves comresponding to different values of
' in the general solution of the differential equation are
given. Find the particular solution that passes through
the point shown on the graph,

Safurion Differential Equation

=0 ey =3y =0

Cx* passes through (4, 4),
116 = C(64)
i o= C= %

4 - L
4. Particular solution: v = jx°

=i

or 4y? = x*



29.

31.

Some of the curves corresponding to different values of
" in the general solution of the differential equation are
given. Find the particular solution that passes through
the point shown on the graph.

Sofurion Differential Equation

=00 o' =3 =0

Cx* passes through (4, 4),
Cind)

3
=5
Il

I
3. = C=g

3 - I
4. Particular solution: ¥ = 3x*

5. ordy? =5°

The general solution of the difTerential equation is
given. Use a graphing utility to graph the particular
solutions for the given values of C,

dyw'=x=10
ht—xi=C
C=0C=+1, C=+4

I Particular solutions: " = 0, Two intersecting lines
C

+1. C = £4, Hyperbolas



33.

Verify that the general solution satisfies the dilferential
equation. Then find the particular solution that satisfies
the initial condition,

y= g8

y+2y=0

y=3whenx =10

Iy + 2y =C(=2)e > + 2(Ce ¥)
2 =10

3. Initial condition: v(0} = 3

3 3=

5 =

v Particular solution: v = 3¢



Werify that the general solution satisfies the differential
equation. Then find the particular solution that satisfies
the initial condition.

y =, sin3x + C, cos 3x

¥+ 9y =0

v = 2 when x 5

7= ] ="|‘T
3 1 when x 3

l. v =3, cos 3 — 30, sin 3y,
2, y'= =8C sin 3x = 9C, cos 3x
Ay" 4 9y = (=9, sin 3xr — 90, cos 3x) + 9(C, sin 3x + , cos 3x)

4. =1}
i L . w T
5. Imitial condibons: v|—| = 2. ’(—) = |
1 111 'I-(ﬁ] j ﬁ
. i 7
b, 2=C, s;m(?J + G, ms(g)
o=, =2

B.ov"=3C, cos 3x — 30, sin 3x

9.1 =30, cm(:} = 3, sin(:_)

110, = =3,

1

. . . . 1 .
12, Particular solution: y = 2 sin 3¢ — 7 cos Ix



Werify that the general solution satisfies the ditferential
equation, Then find the particular solution that satisfies
the initial condition.

y=Cx+ Cp’
= In'+ =0
y=0whenx =2
v' =4 whenx =2
| y'=C, + 3C, 2
2 y= 6050
3, "= 3yt + 3y = 60,8 — WC, + 30,23 + HCpx + Cn®)
4, =0
5. Initial conditions: v(2) = 0. v(2) = 4
6. 0 =2C, +8C,
1y =10 + 367

G t+4c =
¢, + 12C, = }
10: & =3
. c,=-2
12, Particular solution: v = =2x + %.1'-‘

Use integration to find a general solution of the
differential equation.

v
i e 3.1:2
cx

l, = J‘itl dx

2. =@ +C



Use integration to find a general solution of the
differential equation.

&y _

dr 1+ 47

l 1=J-I+r2d'l

2 =%In{|+_ﬁ}+(3

=14 xdy = 2x dx)

41.
Use integration 1o find a general solution of the
differential equation.
I
el X

x—2
X

2
= ==&
X

-2

x—2njx} + €

|

I
b
Il

#
Il

4. =g —=Inx*+C

43.

Use integration to find a general solution of the
differential equation,

ey .
— = zin 2x

dx
J. sin 2y oy

1 ;
5 —5 COs 2x+ C

3. (n = 2x, du = 2dx)

45/



Use integration to find a general solution of the
differential equation.

d.
gy =3

I K
. Letu = /x =3, thenx = o + 3
20 and ey = 2uedn.

i y= J‘.x S — R

4. = J‘I:u] + 3w 2ee) dlua

L
[

EJ‘{H“ + ) el
f, = ’?(“—i - -") +C
: 25 tu

o= %fx — 352+ 2x — 3P+ C

Use integration 1o find a general solution of the
differential equation.

B
Iix—xi

I _'=J‘.re'13-:ir
i) —l T:|+("
2. =3e



A differential equation and its slope field are given.
Determine the slopes (if possible) in the slope Geld at
the points given in the table.

x -4 -2 0| 2148
v 2 0 4 14|68
dv/dx
dy _x )
de v i
N
Ty, T, e i -
M Ty Ty T S e e
R 4
W LS
VNN - fd
II I' l'. "'I \ / lIII ! II II
........... - T
=1 LV SR 11
! - - ™ A
fA B N N Y
x —4 -2 0248
v 2 0 414|068
dvfdx | =2 | Undef. |0 | 3|35 |1
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A differential equation and its slope field are given.
Determine the slopes (if possible) in the slope Geld at
the points given in the table.

X -4 -2 0|2 G
y 2 0 |44 8
dv/dx
ﬂ — v —_— L3
dr = X COs g 1
I| 1 1 I 4 T { .' |
L Y N
:' | ..'I f T i :I |
[ T N |
% |
S |10
I | — - (I
X —4 2102 4 b
¥ 2 0 |44 6 G
dyfde | =22 | -2 0|0 |-2,2| -8
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Match the differential equation with its slope field.
[ The slope fields are labeled (a), (b), (c), and (d}.]

{a)

ic)

B

&.

e Sy T
Ty T
e S
e e Y
Ty T,
e e o Ty Sy, My
Ty Ty Sy,
e Ty Sy

e

_zm%xmx
T Ty Ty Sy, Ty
Ty Ty
— T
e T
Y

i il it il o R e

)

¢
!
S
s,
&
-

T Ty [P

L
— e o R
— o o, T, e ]
e T i, W e
SR TR
S

— . o i, . ]

ot ottt
[

T T r
__3 s ™, g, i i
— o, o, ]
— e e e ]
— e e o ]
— T o T

i

= cos(2x)

- EI-E=
|. Forx #'.-,tx l.

2. Matches (b).

(b}

(d)

B e 1
s
ey ey e
e

e e

B
Ry

B R e e

e

e ey e
/Jﬁﬂrmfi

o e e
2 e, Ty, e

e e
R S
ey, Sy
— T, T
T, g, i e
e, e

_,—1."\._-\__,-'3
g, Ty oy
i, Ty
oy, T, Ty,

e e

T I—'—"'\-.\\-\-.-'-f

T Ty S T e
G e, T T T T S ).

i
!
!
!
!
!
!
!
{
!
;
!




Match the differential equation with its slope field,
[ The slope fields are labeled (a), (b}, (c), and (d).]

(a) ¥ (b} ¥

. '
1
T S W A S e N
o N | | A
e, Y, G et e e T ey
e S, Y S i S e e T
-h'i-\.h'\-;\'\-.'\\u_.lll.—-::i_r.f.-'.-'p-.- e, T Y e TR e .
T T o -
Y Y A ey el ey e
B T T T T N G e ) s e iy My, T gl e ey e
_F'r*"".tr'r‘-_'l__l*'i""*‘"""'" S - S PR LS S P 4
Ry Y || _.‘J____\,_h_ﬂ__{‘d_ﬁ_h,___ﬂ_q
T I ST e e v o
Y Y | A e, T e el e, e
b e T T I T o R P B o T My e o T e
'-\.'-\.'\-\.'\-\.1\.::':: ﬁii;.f.f.fr' T T —_— W
ey e o
A L I Y S e B e e o e
~mmm R e e, S e e, ey e o

et

ic) ¥ iy

s 1 S B RERL S
e R
— e T T i, M e e I Il [} I o T S N
— i T, o, T o, e et e | | ) f;‘E.ﬂ'u—r————
— T, e, B e e L e e I I| II ||' Farr P R —
e R e
bt R B P Y-
it e P S,

L S L 5 | T i T
s Sl trdesae—— 3
m— i g Ty ey e o o e _?[_.' :: i,-"_.r" e
e, T, e e ke | A i
EE N Wi LR 0 I -_|,.|-.d.-,~~___

i ﬁsx—hm,%

2. Matches (d).

— (.
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61

ia) Sketch the slope field for the differential equation,
(b} use the slope field to sketch the solution that passes
through the given point, and (c) discuss the graph of the
solution a8 y — oo and v — — oo,

Differential Equation Poinr
yi==-x+1 {2,4)
I {a), (b)

2. (¢) Asx—roo.y— —oo,

o Asp—r —oo, y——or,

(a) Sketch the slope field for the differential equation,
(b} use the slope field to sketch the solution that passes
through the given point. and (c) discuss the graph of the
solution as x— oo and x— — oo,

Differential Equation Puoint

y'=y—2x (1,1}

I. (a). (b)

2. (g} Asx—soo, y—»—oo,

o A5 k= —oo, y——ox,



Use the slope field for the differential equation

v'= 1/x, where x = 0, to sketch the graph of the
solution that satishies each given initial condition. Then
make a conjecture about the behavior of a particular
solution of v = 1/x as x —oc,

¥
'
3+
L
i e
N
144~
R e
S e Sty T 4
1
-1 P
For e e
Ly R NS e N e s —
K e
1 -l b = ==

(a) (LO) (b (2, -1)

Iy v'= I,}'{J} =
P

.:‘ ¥
AL
Tt i
a1
-+
-1
-2
=%
3. AS x— oo, y=300,

¥, [Note: The solution is v = In x.]

w W2 = —1

B =

S(b) v =

iy,
2,-11

..a

e

w

|
tar
———

I

Asx— oo, vy oo



65.

67

69

Use a computer algebra system to (a) graph the slope
field for the differential equation and (b) graph the
solution satislying the specified initial condition.

dy

S =05y y0) =6

=

T e
T e
]
T W e
T W e
T N M
L
T s

Pl Kl ol ol ol ok

—£| ettt | 6

’
’
.

o
P N

R
AR Rl
e
B L
A
A
W

Lr f
L
L

1
N

Use a computer algebra system to {a) graph the slope
field for the differential equation and (b) graph the
solution satisfying the specified initial condition,

v

Y= 002510 = v), ¥(0) =2
el

ma R R AR AR RN

Use a computer algebra system to (a) graph the slope
field For the differential equation and (b) graph the
solution satistying the specified initial condition.

dy _ 0493 — ), ¥0) =1
dy
l a

o

I

| ¥

Ir

2 bl .
LI 1




Use Euler’s Method to make a table of values for the
approximate solution of the differential equation with
the specified initial value. Use n steps of size h.

yvi=x+y, ¥0)=2 n=10, h=01
Ly =yt hF{-‘-':::- .'!"::}
=2+ (0100 + 2)

I

3, =22
oy =y + hFx, v

A, =22+ {(].l:l[ﬂ.l + 2.2)

. = 243 e,

“Talol 1| 2 3 4 5 6 7 g 9 10
x, 00102 03 04 | 05| 06 | 07 | 08 | 09 | 10
v, |2 22| 243 | 2693 | 2992 | 3332 | 3715 | 4.146 | 4631 | 5.174 | 5.781




71.

73

Use Euler's Method to make a table of values for the
approximate solution of the differential equation with
the specified initial value. Use n steps of size f1.

¥ =3 — 2y, W0) =3, n =10, h =005

Loy =y, + hEF -{I-:Jb J"c:a]'

2 =3+ (005)3(0) — 2(3)

3. =27

1 v, =y, + hFilx.y)

5.0 =27 +(0.05){3(0.05) — 22.7))

. = 24375, etc.

Tlw o] 1| 2 3 4 5 6 7 8 9 | 10
x, | 0] 005 01 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
v | 3| 27 ) 2438 | 2200 | 2000 | 1LE39 | 1693 | 1569 1464 | 1378 | 1308

Use Euler's Method to make a table of values for the

approximate solution of the differential equation with

the specified initial value. Use n steps of size h.

y=e", W0l =1, n=10 h =01

.oy, = vy + hF(x, vl

20 =14+ (D.1)eM

3 =1.1

4oyy =y + hFx. )

5.0 = L1+ (00)eonnn

&, = ] 2116, ete.
no |01 2 3 A 5 6 7 8 9 10
x, |00 02 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
v | 1] LT[ 212 | 1330 0 1488 | 1670 | 1900 | 2213 | 2.684 | 3540 | 5958




Complete the table using the exact solution of the
differential equation and two approximations obtained
using Euler's Method to approximate the particular
solution of the differential equation. Use i = 0.2

and 0.1 and compute each approximation to four
decimal places.

X 0 0.2 0.4 0.6 0.8 1.0

vix)

(exact)

vlx)

{h=02)

vix)

(h=0.1)

Differential Initial Exact

Eguation Condition Solution

Co {0, 3) y = 3er

el

Yl ol 02 | 04 | 06 | 08 1.0
yr) 3| 3.6642 | 44755 | 5.4664 | 6.6766 | 8.1548
{exact)
yla) 3 | 3.6000 | 4.3200 | 5.1840 | 6.2208 | 7.4650
ih =102)
vix)

3| 36300 | 43923 | 33147 | 64308 | 7.7812

h=0.1)
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Complete the table using the exact solution of the

differential equation and two approximations obiained
using Euler's Method to approximate the particular

solution of the differential equation, Use it = 0.2

and 0.1 and compute each approximation to four
decimal places.

A V] 0.2 0.4 0.6 0.8 1.0
vix)
(exact)
wix)
(h=02)
wix)
(h=10.1)
Differential Initial Exact
Eguation Condition Solution
D, (0,3) y = 3t
dv ° ‘
o 02 | 04 | o6 | o8 | 10
vix) - -
. 316642 | 44755 | 54664 | 66766 | 81548
{exact)
) 36000 | 43200 | 5.1840 | 6.2208 | 7.4650
ih=10.2)
vix) _ -
(h = 0.1) 36300 | 43023 | 53147 | 64308 | 7.7812




Complete the table using the exact solution of the
differential equation and two approximations obtained
using Euler's Method to approximate the particular

solution of the differential equation. Use i = 0.2
and 0.1 and compute each approximation to four

decimal places.

X ] 0.2 0.4 0.6 0.3 1.0
vix)
lexact)
vix)
ih=02)
vix)
ih=101)
Differential Initial Exact
Equarion Condirion Solution
dy I .
el coslx) (0,0 y = slsinx — cosx + ¢7)
1.
¥ 0.2 04 0.6 0.8 [0y
y(x) 02200 | 04801 | 07807 | 11231 | 1.5007
{exact)
¥ix) 02000 | 04360 | 0.7074 | 1.0140 | 1.3561
(h=02) . 47 . . 35
yx) 02005 | 04568 | 07418 | 1.0649 | 14273
{h=0.1)

79




81.

83.

At time r = 0 minutes, the temperature of an object 1s

14°F. The temperature of the object is changing at the

rate given by the differentizl equation

iy |

ik 2(_1 72),

ia) Use a graphing utility and Euler’s Method to
approximate the particular solutions of this differen-
tial equation at r = 1, 2, and 3. Use a step size of
fio= 01 (A graphing utility program for Eoler's
Method is available on the website
college hmeo_ con )

by Compare your results with the exact solution
¥y =72+ 682

. w{0) = 140, = 0.1

Sl 0 | 2. | 3
Euler | 140 | 1127 | 964 | 86.6
. (b
®) ! 0 I 2 3
Exact | 140 | 113.24 | 97,016 | 87,173

In yvour own words, describe the difference between a
zeneral solution of a differential equation and a particu-
lar solution.

I A general solution of order # has n arbitrary con-
stants while in a particular solution initial conditions
are given in order to solve for all these constants.



85.

87.

89

[Describe how to use BEuler's Method to approximate the

particular solution of a differential equation.

I. Consider y* = Flx. y),

o

2. ¥ix) = ¥

5. Begin with a point {x,. v} that satisfies the initial
condition. y{x,} = v,

4. Then wsing a step size of fi, find the point

(. y) = (g + oy + AFx, ¥))-

5. Continue generating the sequence of points
{'r.lrl 1 Xt i] = {'Irr + h,_‘l.'” + ﬂF[xw‘ }‘.'I]}'

Determine whether the staterment is tue or false,
IF 1t is false. explain why or give an example that
shows it is false,

If ¥ = fix} is a solution of a first-order differential
equation, then y = flx} + € is also a solution,
|. False

1

Consider Example 2.

.

&% is a solution to xv" — 3y = 0, but

ot + 1 is not a solution.

4. ¥

Determine whether the statement 15 true or false,
IF it is false, explain why or give an example that
shows it is false,

Slope fields represent the general solutions of
differential equations.

|. True
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The exact solution of the differential equation

dy _

= =%
iy

where W(0) = 4, is vy = 4¢ 2,

{a) Use a graphing utility to complete the table, where v

is the exact value of the solution, v, is the approximate

solution using Euler’s Method with i = (L1, v, is the

approximate solution using Euler’s Method with Iy = 0.2,

¢, is the absolute error |y — ¥,
|[v — w,|. and 7 is the ratio e, /e,.

» €3 1s the absolute error

x |0 02

04

0.6

08

1.0

by What can you conclude about the ratio r as fi changes?

(c) Predict the absolute error when i = 005,

SO Tl ez 0.4 0.6 0.8 1.0
3 4 | 26813 | 17973 | 12048 | 08076 | 05413
v, | 4] 25600 | 1.6384 | 1.0486 | 0.6711 | 0.4295
v, | 4 | 2.4000 | 1.4400 | 0.8640 | 0.5184 | 0.3110
e | 0| 01213 | L1589 | 001562 | 0.1365 | OL1118
e, | 0| 02813 | 0.3573 | 0.3408 | 0.2892 | 0.2303
r 04312 | 04447 | 0.4583 | 0.4720 | 0.4855

2. (b} If k is halved. then the error is approximately halved

(r == 0.5).

Jo(e) When i = (L05, the errors will again be approximately

halved.




95

It is known that v = A sin i 15 a solution of the differ-
ential equation ¥* + 16y = 0. Find the values of w.

L vi= AwCos wi

2. v'= —Aw’ sin wf
3 YW+ 16 =10

4. =Aw?® sin wf + 164 sin wr = 0

Asin w16 — @®] =0

A = 0 then @ = £4 radians/sec.

(W

iy

Prove that if the family of integral curves of the
differential equation

% + play = glx), plx) - glx) £ 0

is cut by the line x = k, the tangents at the points of

imnterseclion are concurrent.

I. Let the vertical line x = k cut the graph of the
solution v = fi{x) at (k, 1).

2. The tangent line at (k, ¢} is v — 1 = fkHx — &)

A Since y" + plxly = glx). we have

4oy — 1= [qlk) — plkde]x — k).

5. For any value of r, this line passes through the point

(1 + ﬁfi—ﬂ)

. To see this, note that

G 2
plk) t=Lalb f{”r](k_'_p{i'}' k)

! k)
7. glkMe — plk)k + ,PE_H —t — kglk) + plkhke

b
plk)



