Determine whether the differential equation is linear:
Explain vour reasoning.

I_".J.r + .3.'}' = E"'T +_ ]

Determine whether the differential equation is linear.
Explain your reasoning.

v+ yeosx = ay?

I. Not linear, because of the xy*-term.

Solve the first-order linear differential equation,

TR M
dx xr

I. Integrating factor; e/t dy = gl

3oxy = J-.TB.T + &) dx
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Solve the first-order linear differential equation.
yr=y=10

I. Integrating factor; e/ ' = ¢ 7

-

E'J}.' — E'.".;}n. f— I{:'e; X

i ye = j 10e " dy
| = —10e* + C
3 y=—10+ Ce*

Solve the first-order linear differential equation,
(v + Teosxde —dy =10

1. y'=(y+ 1)cosx

2 = yoosx tCosy
I.oy" = {cosxly = cosx

4. Integrating factor: ef ~o=¥dv = p-sina

5 ¥ fa—Elnx '[EEIS .l'}E Akl '"I- S {E{”PS- .'t'JE' Bl A

. ye sy = J- {i’.‘% x)eHBE gy

-4

- skiv + C

=0

_'I-' — _..| s C‘Esi.n:l:
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Solve the first-order linear differential equation.

x=1p"+y=x—1

fx

Solve the first-order linear differential equation.

. _1"+(

x—1

)_l.' =x+1

Integrating factor: ef[1/le- Hlde = plal

vlx = 1)

. Integrating factor: ¢ /34 = o ¥

Il

x—1

j[.rl = 1} ey

1
Ef‘—x-#ﬁ',

=3+
x—1)

3

1 -3 A
. oye f =J‘r‘e oy

R

[a

x+C

(x + C)er

1



() Sketch an approximate solution of the differential
equation satislying the inital condition by hand on the
slope field, (b) find the particular solution that satisfies
the initial condition, and (c) use a graphing utility to
graph the particular solution. Compare the graph with
the hand-drawn graph of part (a).

Differential Equation Initial Condition
d.
i—-;=f--—_1- (0. 1)
¥
| R A | il ¥ |
N A
T N, R !
1 - |
f A————=x
-4 T R O
LRRAN
I. {a)ic)

-]
-2
dy
3odb) =4y =g
de -
4 Integrating factor; e/ = ¢*
o ety 4+ ety = ¥

h. [ve') = J e gy

1
yet = Eyl‘ +C

LR w0y =1
|
0 =:-I—E+{T
1}, =:~L"=l
2
11 _w-‘=;—e*’-"+zl
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Find the particular solution of the differential equation
that satisfies the boundary condition,

Differential Equation Boundary Condition

yeoslx+y—1=0 W0} =35

1

I y"+ (see? x)y = secix

§ i | 5
2. Integrating factor: pf et xdt = anx
3 -H|P|.|'II:|.I.' — jmz ypetan d’x
4 _ E.I.art.t 4 C
5 y=1+ Ce =

t. Imitial condition: v(0}) = 5.C =4

7. Particular solution: v = 1 + 4e 0t

Find the particular solution of the differential equation
that satisfies the boundary condition,

Differential Equation Boundary Condition

oo

y = W2) =2

I. Integrating factor; efll/xds = ginls

A, =X
i, Separation of variables: ﬁ =¥
=3 ' dy x
1 |
i j—f{\'=J——dr
¥ x
5 Iny=—Inx+InC
i} Inxy=1IncC
[; ey =

z

. Initial condition: v(2} =2, C =4

9. Particular solution: xy = 4
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Find the particular solution of the differential equation

that satisfies the boundary condition,

Differential Equation Boundary Condition
o (%)‘ = y2) =2

I. Integrating factor; elll/dldr = glnls

i =
4. Separation of variables: L

dr x
i jlfin' - J —ld_r

¥ x

5 Iny=—-Inx+InC
6. Inxy=InC
T =0
8. Initial condition: v(2) =2, C =4

IF

4. Particular solution: v = 4



Find the particular solution of the differential equation
that satisfies the boundary condition.

Differential Equation Boundary Condition

sdv={xr+y+2dx ¥l) =10

dy x+y+12

dr x
; 2
2 =Ly
X X
Fo 1 2 ;
g P =1+, Linear
v x

dq. ”Ex} — L,J' {1/ Wbl

—2
B, =x [In|_r| + T" + f."]
9, ==2+xhjx| + Cx
10, ¥(1) = 10
I ==24+C

12. = C=12

3. y=—-2+xIn|x + 12x
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29.

Solve the Bernoulli differential equation.

A

0.

i

¥4 3xdy = xdy?

y 2l = f{—l}l'lef* 2130 dr gy

p 1 i —jltze"jj:‘dx
2._4 1 o |
X _EE 2 C
2 1 24
¥ =E+Lﬁe'*"
1 3 |
— = e 4 —
yi ‘ 3

Solve the Bernoulli differential equation.

l.n=12

D P=x

» P — 1

S ik

4 !_,]- LLgn) ay

5.

6.y lx L=
1

8. -
jl

Y. ¥ =

=g Tl

:Ix'l

f—.-;f_.r ) dx
x4+ C
o Gl o

. I e
Cy = x*
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Solve the Bernoulli differential equation.

i

6.

oy a3y

o —

|_,.J|_|

Q=
. P=—1

el 1203y = a—2/30x

[ 5]

_ .\'2”{-' (2431 :J = pte— {2430 gy

2
;l't-'”f“” elx

yA B (3 = g3 o

}.3.".:'! = Jpt + c"é.l'u.."i

Lk



(a) Use a graphing utility to graph the slope field for
the differential equation, (b) find the particular solu-
tions of the differential equation by passing through the
given points, and (c) use a graphing utility to graph the
particular solutions on the slope field.

Differential Equetion Points
dv 1 z
rafiatiod Jt —-2,4} (2,8
= (~2,4).(2.8)
. (a) i
B
e
it
L
BRI R B

-
.
|-

ot
o T
II
L___'\.
-
=

2
5, =Yy
X
3
3. }-=%+c_:
. —8
8. {—2.4}:4=T—2-‘:‘
! = = —4
x
10 =% 3 =E—41
11 —]—-{ 2— &)
2.!._x
B
I2: {2~B}:H=;+Ef
I3 = (=2
'..3
14 = _r=?+1r
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(a) Use a graphing utility to graph the slope field for the
differential equation, (b} find the particular solutions of
the differential equation by passing through the given
points, and (¢) use a graphing utility o graph the particular
solutions on the slope field.

Differential Equetion Points
d -
4 feotxly =2 (L1.3.—1)
efx :
I (@) i
2
=
o2 3 4 AT

o

2. (b) Integrating factor: e« = ghnlsin gl

3. = sinx
4 y'sinx + {cosx)y = 2sinx

5 vainy = j 2sin . dx

f = —2Jomwx+ C

¥y=—Z2ecotx+ Ccscx

K. (L1 1=—=2¢cotl + Cese l

| + 2cotl
9, —i =
cse 1
10, =sinl + 2cos |
§ v==2cotx+ (sin 1+ Zcos l)csc x

i (3, =1k —1=—2cot3 + Ccscld

Zeotd— 1
13: =l =——————
csc 3
14, =2cos3 — sin 3
15, y==2¢otx+ (Zcos3 — sin3) cscx




When predicting population growth, demographers
must consider birth and death rates as well as the net
change cause by the difference between the rates of
immigration and emigration. Let P be the population
at time ¢ and let N be the net increase per unit time
resulting from the difference between immigration and
ecmigration. So, the rate of growth of the population 15
ziven by

'5:;' = kP + N. N is constant.

Solve this differential equation to find / as a function
of time if at time ¢ = 0 the size of the population is P

P
kP + N

P 1 =
jw P jd;

1
3 Eln{kP +.M) =+ €

= (ft

1. WMkP+MN =k +C,
kP + N =+ G

”

f p= —C“'Hk_N
7 P=Cr“’—%
5. Whenr=0; P=P,

9 Pl,=-:f‘—-’:r

10 :;(":P(_,#:
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Find A for the following,

{a) P = $100,000, r = 6%, and ¢ = 5 years
(by £ = 5230,000, r = 5%, and ¢ = 10 vears

| na}ft:‘:l:eﬂ— 1)

4 - 100000
0.06

3 ~ 583.008.01

_ gﬁﬂqﬂm OS]0

{'E,D.':In:.‘il -1 ']

3, = 3,243.606.35



Glucose is added intravenously to the bloodsiream at
the rate of ¢ units per minute, and the body removes
glucose from the bloodsiream at a rate proportional o
the amount present. Assume that Q) is the amount of
glucose in the bloodstream at time 1,

(a) Determine the differential equation describing the
rate of change of glucose in the bloodstream with
respect to time.

by Solve the differential equation from part (a). letting
0=, whenrt=10.

(c) Find the limit of Q) as r—s 20,

l. {a) fif = g = k{J}, g constant

2.(b) Q'+ k=g
3, Let Pir) = k, Ot} = g,

d, then the integrating factor is wir) = &,
3 Q=en jqe” dt

e “(%e” f C)

{3

:E+ i
X Ce
8. Whenr=0 @ =0,

9 gy =%+C

19, = C=0,-

C eblede

o
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Consider a tank that at time r = 0 contains v, gallons of
a solution of which, by weight, g, pounds is soluble
concentrate. Another solution containing g, pounds of
the concentrate per gallon is running into the tank at the
rate of r; gallons per minute. The solution in the tank

is kept well stirred and is withdrawn at the rate of r,
gallons per minute,

If ¢ is the amount of concentrate in the solution at any
time r, show that

d0 Q0

= i r.
drt v+ (= B

I Let £ be the number of pounds of concentrate in the
solution at any tme 7.

2. Bince the number of gallons of solution in the tank
atany time ¢ is v, + (r, — r.)r and since the tank
loses 1, gallons of solution per minute, it must lose
concentrate at the rate

o=l
vy + (i — i &

4. The solution gains concentrate at the rate rq,.

4. Therefore, the net rate of change is

o _ |2 |
de 0 I:vu +(r - r:z]'r:|Fg

5. or % 4 10

dt vy +(r, — e -0



Consider a tank that at time r = 0 contains v, gallons of
a solution of which, by weight, g, pounds is soluble
concentrate. Another solution containing g, pounds of
the concentrate per gallon is running into the tank at the
rate of r, gallons per minute. The solution in the tank

is kept well stirred and is withdrawn at the rate of r,
gallons per minute,

A 200-gallon tank is full of a solution containing 25
pounds of concentrate. Starting at time + = 0, distilled
water is admitied to the tank at a rate of 10 gallons per
minute, and the well-stirred solution is withdrawn at the
samme rate.

ia) Find the amount of concentrate {2 in the solution as
a function of 1,

iby Find the time at which the amount of concentrate in
the tank reaches 15 pounds.

ic) Find the quantity of the concentrate in the solution

As =20,
2y r’Q _

ol v, tlr — et ity
L Qb= g,
3 gy =25
4 g, =0
5. v, = 200
b 1 =10
7y ry= 10

e |
5. +—0=
5. Q'+5:0=0

1 1
], jgd{}—j mdi
10, Ing = —%Fi— InC,
I Q = Ce~ (420

I2 Initial condition; {0} = 25, C = 23
13: Particular solution: ) = 25 (1720

4. (B} 15 = 250 {120k

: n(5) = 36"
1. r==20 Tn(%)
17 == |12 min

18. {c) lim 25¢ W¥k =

I—oc
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Consider a tank that at time r = 0 contains v, gallons
of a solution of which, by weight, g, pounds is soluble
concentrate. Another solution containing g, pounds of
the concentrate per gallon is running into the tank at the
rate of | gallons per minute. The solution in the tank

is kept well stirred and is withdrawn at the rate of r,
gallons per minute.

A 200-gallon tank is hall full of distiled water. AL time
¢ = 0, a solution containing ©.5 pound of concentraie
per gallon enters the tank at the rate of 5 gallons per
minute. and the well-stirred mixtore is withdrawn at
the rate of 3 gallons per minute.

(a) At what time will the tank be full?
by At the tme the tank is Tull, how many pounds of
concentrate will it contain?
. fa) The volume of the solution in the tank is given by
vy +lr — Rt

. Therefore, 100 + {5 = 3 = 200 or ¢+ = 50 minutes,

1.(b) '+ Vo ;;IQ_ ot =dqh
4, Qi = g,
5! g, =10
f. § =035
7 vy = 100
8 F=>3
0, =13
0. 0"+ =25
100 + 24
1. Integrating factor: f /W28 = (50 4 r)¥2

2. Q50+ ¥t = sz{su + %2 dr

3. =(50 + 1+ C

14 Q = (50 + 1) + C(50 + r) 32

15. Initial condition: 2(0) = 0

16 0 = 50 + (50 *72)

17 C = —50%!

I8 Particular solution: @ = (50 + 1) — 507250 + 1) V2
19, (50) = 100 — 505 100) 32

24, = 100 = i

2] 82.32 Ibs

it
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Consider an eight-pound object dropped from a height
of 5000 fect. where the air resistance is proportional o
the velocity.

Write the velocity as a function of time if its velocity
after 3 seconds is approximately — 101 feet per second,
What is the limiting value of the velocity function?

|- From Example 6.

dv | ky
—— ==
dr - m g
= %[I — g lim) Solution
1. = —32
4. mg = —8
5.3 = —101
b.om=—
o
' 4

4. implies that — 101 = T“ — g LAY,

b Using a graphing wility, £ = 0050165, and
10, v = —15947(] — 27018,

11, Ast—ac, v——15947 ft/sec.

I 2. The graph of v is shown below,

13. m

a aQ
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Lise the differential equation for eleciric circuits given
by

df
Ldf + Rl = E,

In this equation, [/ is the current, R is the resistance,
f. is the inductance, and £ is the electromotive force
(voltage).

Solve the differential equation given a constant voltage
En

2. Integrating factor; el F/LHd = LR/L

; E y
3, JeME = J‘ff’““"n’r

E
-I.. — E'EEJ_."I. + {"

E, :
5 I=F'+ Ce~ RiL

Give the standard form of a first-order linear differential
equation. What is its integrating factor?

L j*l + P{x)y = Q(x)  Standard form

1. ulx) = plPbtd Integrating factor
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Match the differential equation with its solution.

Differential Equearion

Solurion

¥y —2x=10

1. J.d;; = jl:.- dlx

2. y=x*+C

3. Matches c.

(a) v = Ce¥
(b) y = =5+ Ce®
© y=x2+C

(d) y = Cet

Match the differential equation with its solution.

Differential Equeation

y—2x=0

I J.dy = J"l:.- ilx

2. y=x+C

4

3. Matches c.

Solurion

{a) v = Ce”
(b) y =~ + Ce*
) y=x*+C

(d) y = Ce
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Match the differential equation with its solution.
Differential Equation Solution

W= 2y =10 @) v = Ce®

(b) y = =3 + Ce¥
fc)y=x*+C

(dy v = ™

C [ [

2. Iny=x*+(,
5, ¥ = Ce*
+. Matches a.

Solve the first-order differential equation by any
appropriate method,

dy w
dy ety

| ||_,,l'l:l_n.' dy — g ¥ [TI'I-' =}
1. Separation of variables;

el dy = et Ny

3 Je” de = Je 2 dy

1
Ko ooy
I i e 8%

5. 2+ e =
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Solve the first-order differential equation by any
appropriate methaod.

cos cos +d_~; 0
VOl T — v X - =
: v

I. (ycosx —cosx)de + dv =0

Separation of variables;

f cos x oy J‘ = ey
=]

3 siny = —lniy — 1)+ InC
4 Inly — 1) = —sinx + InC
TS y = Cem¥ez 4 ]

Solve the first-order differential equation by any
appropriate method.

(B +d)de+ 2oy + x3)dy =0
I Homogeneous: v = vy
2 dy = vy + xdv

o3 A de + Qe v de Fxdv) =0

D i Ju+1 _
J‘I:ﬂ +J(1,:+1I)m =0

Inx® + ln||?2 + 1'| =In

=l

6. i +vi=0C

iy =0
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Solve the first-order differential equation by any
appropriate methaod.

{2y —elde + xdv =0

: 2 1
|. Lineary" + (—]_1- = —pt
X x

2 Integrating factor; /240t = plns®
i = x2
2 21 a
by = ae elx
5 =g — 11+ C
et [
f. }'=_TE[""_”+F

Solve the first-order differential equation by any
appropriate method.

(x?y? = I}dx + ¥'dy =0

2. Bernoulli: n = —3
3 O=x"
4 p=x1

5! E_,j'ld,-‘,ﬂr.ru 52 E]tu,n*

5] _— _x"l'

7 yht = J- Fix M) ol
8. =2+ C

g oxtyt ==



Solve the first-order differential equation by any
appropriate method.

iy =4t dr +xdv =10
I3y —da®) dy = —xdy
d}u

2.7 x—— = —3Jyv+ 124
ey :
3

3 y'+=y=12r
X

4. Integrating factor; e/i3n0d = gilns

[ 3 LY iy 3
ooy + o 120
= |2x?
8. b= J- 124 dx
12
0 -
; = +
12: 00
0 ) = —==y2
1Lk A 3 X* T @

Determine whether the statement 15 true or false,
IF it is false, explain why or give an example that
shows it is false,

o+ x le._ = x? is a first-order linear differential
equation,

I. False

! The equation contains /.



