1ADLEC /.L
How to integrate odd positive powers of sines and cosines

To evaluate Write Substitute
s In+1 S 2N Gn (1 e\ o —
j sin x dx (sin“x)" sin x = (1 — cos“x)” sin x dx U = cos X
du = —sin x dx
f cos?*! x dx (cos®x)" cos x = (1 — sin®x)" cos x dx u = sin x

du = cos x dx

PROBLEMS /

Evaluate the integrals in Problems 1-22. In evaluating the defi-
nite integrals, you may wish to refer to the triangles in Fig. 7.9.
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1. f sim’x dx 2. f sin® = dx 1 :
o 2 il - L
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3. s cos’x dx 4. f cos’3x dx i 1 3
s, f in7x dx 6. J 7 ?.9 Reference triangles for evaluating trigonometric func-
Sux St tions at #/6, w/4, and «/3 radians.
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jcoﬂxsmxdx

(Hint: Put one factor of sin x with dx and express the rest in
terms of the cosine.)

8. f sin®2x cos’x dx

(Hint: Put one factor of cos x with dx and express the rest in
terms of the sine.)
/3

9. I sec x dx 10. J’ sec 4t dt
0
0o /6 .2
11. j sec’x dx 12, J 2sinx dx
/3 o cos X
w/4
13. j e*sec’e® dx 14. J' sec’x dx
0
i /2 dx \
15 — 16. sec”3x dx
/e SIN“X
w/4
2x dx
17, j 8x dx 18. | —5—-
A secx os’(d)
/4 /4
9. J tan’x dx 20. f tan*x dx
(] —r/4
. f tanSx dx

= a) f cot?x dx b) f cot*x dx
. Show that
f csc x dx = —Injesc x + cot x| + C.

'Hint: Repeat the short derivation of the integral of the se-
cant with cofunctions.)

2 Use the result in Problem 23 to show that

i 1 1
f cscix dx = ——2-cscxcotx—-2—ln|cscx+ cot x| + C.
= Zvaluate
- J1r/4 dx b J,1r/2 dx
T V1 - sin’x | w3 V1 — cos’x
& Zvaluate
w/3
J’ dx
o 1+sinx’

int: Multiply numerator and denominator by 1 — sin x.)

B2 the integrals in Problems 27-32.

sin 3x cos 2x dx

cos 3x sin 2x dx

29.

31.

33.

35

By

36.

37.

38.

f sin®3x dx

-

f cos 3x cos 4x dx 32.
0

Use the result in Problem
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w/2

30. f sin x cos x dx
0

w/2

cos x cos 7x dx

—7/2

23 and the identity

2 sin A cos A = sin 2A to evaluate

J’ sec 2x csc 2x

2

dx.

. Which integrals are zero and which are not? (You can do

most of these without writing anything down.)

a) f sin x cos®x dx
s

b) J sin 3x cos Sx dx
-1

L a
o [ Venxa o | waFa
-L —a
/4 w/4
e) x sec x dx f) tan®x dx
—-7/4 —a/4
ar/2 /2
g)f X sin x dx h) X cos x dx
—~m/2

i) f sin mx cos mx dx, m # 0

j)J’ sin’x dx

w/2 T
k) cos’x dx ) f cos’x dx
)2 -
In2 w/2
m)f x(e* + e ™) dx n) sin®x cos x dx
In2 /2
/2 /4

0) f sin x sin 2x dx
—7/2

q) f (e*sin x + e sin x) dx

p)f sec x tan x dx

—/4
smxdx
o],

X —x

e te

Find the area of the region bounded above by y = 2 cos x
and below by y = sec x, —w/4 < x < m/4.

Find the length of the curve
y = In(cos x),
Find the length of the curve

y = In(sec x),

0=x=m/3.

0=<x<a/4.

Find the centroid of the region bounded by the x-axis, the
curve y = sec x, and the lines x = —7/4, x = w/4.

39. CALCULATOR OR TABLES How far apart should the follow-
ing lines of latitude be on the Mercator map of Example 7?
a) 30° and 45° north (about the latitudes of New Orleans,
La., and Minneapolis, Minn.);
b) 45° and 60° north (about the latitudes of Salem, Ore.,
and Seward, Al.).

40. Show that

a)J’ sin mx sin nx dx = 0,
0
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Z-~wers of Sines and Cosines Z:i-
k+21

1 k+21
41, (a)j sinmx sinnxdx =7 [cos (m—mn)=— -:= ‘m+n)x]dx
k x
K+2%
sin(m-n)x sin(m+n)x 2 4 52 ] .
= - n = <«
2 (m—n) 2 (@+n) K

since since sink=sin(k+ 2T)

k+271
1
(b) J‘ cos mx cos nx dx = > J [cos (m—n)x + cos (m+ n)x ] c=
k k

+2m
in(m—n sin(m+n
=== ( )x st ( )x,mz;«tn2 = 0 as inpart (a).
2 (m—n) 2 (m+n)
7.4 EVEN POWERS OF SINES AND COSINES
2T s 1 l F1Y
1. sin xdx=J- (———cost)dx=—x——sin2x =T
Jn \2 2 .
[ 1 1 ,
3 sin 2t dt = ('Z——E'COS 4t)dt=—t——51n 4t +C
x K3 r
* 4 4 4
5. ] = sin’ x cos’ x dx = %j_l‘_ (2 sinx cos x)2 dx = %}-J x sin” 2x dx
4 4 -
T
17 (1 1 1 1 Z 0z
=—jn(————-cos 4x)dx=—x———sin4x 4 =—
4J)_T\2 2 8 32 - 16
4 e
.3 T T

- - 2
a
7. J sin® ax dx=ja (sin2 ax)2 dx = Jl a(-l— - l-cosZax) dx
0 0 o} 2 2
14

=J'a (—1-—-}- coSs 2ax+-}-cos2 ZaX)dx
0 4 2 4
ki3
3

- =R - —

sin 2ax+
8 4a

2 2
sin x sin x(1—cos X 2 )
9. J—-—-z—dx=j ( > )dx=J’(tan x —sin” x)dx
cos X cos x

2
= sec x—1-—

(——--l-cos 2x))dx=tan x—-§-x+lsin 2x+C
2 2 2 4
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T
il J sinqy coszydy=J sin4y(1—sin2y)dy= I, — I,, where
o 0

T T

I, =J’ Sin4ydy :J
0 0

2
1 1

- — —cos 2 )d
(2 2 Y) S

.
= % (1 -3 cos2y+ 3c0322y— cos32y )dy
Jo
T
1 1 , 2
=— 1-3cos 2y+3 +—cos 4y |- (1 —sin” 2y) cos 2y |dy
8Jo 2 2
1 [ , 3, 1,3 " 5m
=3 Liy —2sin 2y +—8-sn.n 4y+—6-s.1n y}o—E-G—
o 3t S8 =™
Combining, —— — —— = —
8 16 16
sin°0 sin@(1-cos’0)
13. J dae = J' ( > ) d9=jtan26 (1—2cosze+cos46)d6
cos’® cos 0

=J(sec 6—-1)do - ZJ.(% - -%'-cos 20 )de +%J.(2 sin® cos 6 )2 de
=tanB-20+ —l-sin 20 + ij(l - -:-L-cos 40 ) de
2 4 2 2

= tan6 +lsin29 —isin49—£9 +C
2 32 8

1- l-cost t 2n 2r m
15. j N / dt = J Is:Ln—l dt = J Sln—' dt =—2 cos E:’ =4
0

Note: 0t <2m; $O<—S T =>51n—>Oonthls interval.

17. J VI+cos 50 df = \/2.[10.\/“(:0556 de = «/?J’ cos—de

N2 56] _2
= =3

5 2
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n L]

b
19. fz 0Vi-cos6dd = VZIZ 0 sin% d9=\/?|:—29 cos% +J22cos%d9
0 o :
T

- 0. . 8]z}
—‘/2(—2ecosz+451n 2] )—4—1:

o}

X r r
4 2 4 4

21. _E‘\/1+tanxdx= _Elsecxldx= _Esecxdx
4 4

k4

4
4
=21n Isecx+tanx|] n=21n(\/?+1)

1
T T n
23. J. Vl—coszﬁ d9=J | sin 6} d9=—cose] =2
0 0 0

3n 3n 3
4 4 4
25, J.,t '\/cotze+1d6 =J-1t |csc6|d9=.[n csc 6 do
T T T

3n
: 1 +1 —
=—ln|csc9—cot9|:’ =lnﬁ =1n(3+2V2)
L3 V2 -1

4

T
/ 2
27. J l-cos xsin x dx = 0because it the integral of an odd function
—n

over a symmetric interval about 0.

29. J- dx=-“cscq dx =J.(cot2 x+1) csc2 X dx=~—-1-cot3x— cot x +C
sin’x 3

L

T

2 -

4 si 2 - : .

31. ] = Slnzx dx:J’_Etanzxdx=J'1t (seczx—l)dxztanx_x} n=2_5
4 q

4 4

. 2 2
i l—cos t
33, Slntdt—J‘ ——-dt=J‘(sect—cost) dt =ln|sect+tant|—-sint +C
J cost cost

35.

1a

=2v2

T

w
37. V=th xzsinzxdx=7tj
0 0

ki
o TC T -—
4
Vl+cos4xdx=\/2J. {costldx=4V2j cos 2x dx=2V2 sin2x]
J0 o] 0
101 n("
xz(-—-——cos 2x)dx=-—j (xz—xzcos 2x) dx
2 2 2Js

)
0

3 2 T4 2
= Jt[ . _Z sin2x+ =cos 2x—-1-sin 2x] =L I
2Ll 3 2 2 4 o 6 4



