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Properties of y = e*
, 1. The exponential function y = e* is the inverse of the natural loga-
rithm function y = In x; that is, ¢* = In"lx.
Domain: The set of all real numbers, —00 < x < 0C.
Range: The set of all positive numbers, y > 0.
2. Its derivative is
d
—(e¥) = e~.
dx( )
3. It is continuous (because it is differentiable) and is an increasing
function of x.
4. If u is any differentiable function of x, then
d du f
—e =" — and e“du=e*+C.
dx dx
5. ef1-e2=¢0%%  and e *=1/e"
"ROBLEMS
Simplify the expressions in Problems 1-12. 37. y = x’¢ * cos 5x (Hint: Use logarithmic differentiation.)
1. &= . . —In(x%) T rlnx
¢ 2 2. In(e?) 3. 38. y =f sinedr, x>0
4. In(e™) 5. In(e'™ 6. In(1/e®) o
7. gn2+inx 8. e2lnx 9. In (%) 39. Iny=xsinx 40. In xy = "7
0. In(x%e %) 11, e*tlnx 12, ¥ 2Iny 41. * = sin (x + 3y) 42, tany=e*+1Inx

= Problems 13-18, solve for y.
3, ¢V =42

M. &=

15, &) . 2t =

. In(y-1)=x+Inx

I'. In(y —2)=In(sinx) — x

B In(y>?—1)—In(y + 1) =sinx

nd dv/dx in Problems 19-42.

Evaluate the integrals in Problems 43-56.
Ins 1

43. f e dx 4. f xe® dx
In3 —1
T . In8
45, j "% cos x dx 46. J /3 dx
0 0
o 2
47. f e *dx 48. J e*/? dx
—In(a+1) 0

1

v = o = &+ dx
By=e 0. y=e 49.f nVE dx so.f =
g oi=eT 22. y =cos e* 0 o €
= v =x%* 24, y=sine™* 51 jlnz 24 dx . Ll e* dx
R 26. y= P “h e* ' 1+e*
T = InGxe™ 8. y=In—% " e g ‘&
.= Xxe .y=In z 53.f i 54.[

- 1+e o 1+ 2e* e XxInx
3 = 30. y=(1 + 2> n2
* dx
R -1 € int: -
F . =92 —6x+ 2)e3x 32, 9= axaz e §5. J; 13 & (Hint: Let u = e*.)
B o=xeF 4. y=e¢*Inx 43\/;‘1-*7
; e 56. f ~—— (Hint: Let u = Vx.)

®E  =n led 36. v = sec (™) 1 Vi
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gives a way to define ¢ independently of the definition of the natural logarithm.
However, the proof that this limit exists would then have to be different from
the proof here which uses the logarithm. 73]

U

Properties of y=a*, a>0,a#1

If a is a positive real number and a # 1, then the function y = a* has the
following properties.

i Domain:

1. Tt is defined by the equation

a* X In a

=e€

the set of all real numbers, —00 < x < 00,

Range: the set of all positive real numbers, y > 0.
2. Its derivative is

d
dx

a*=a*lna.

3. It is continuous (because it is differentiable), increasing if a > 1,
decreasing if 0 < a < 1, and one-to-one in either casc.

4. If u is any differentiable function of x, then

d du f 1
—a“=a"lna— and a“du = a“ + C.
dx dx Ina
-20BLEMS
I >“oblems 1-16, find dy/dx. 1 !
Lor=o2r 2. y=2% 3.y=g8 21. f 3% dx 2. j 200 dx
: ) ) 0 -1
4 =3 5. y=9° 6. y =23 o 0
Toi= 23. f 47" In 2 dx 24. f 5 Tdx
R T - -
i an x 3 2 \/E
' =6 sin x>0 25, f 525 gy 2. f X2 dy
# = psecx 1 1
T = xln x’ x>0 /2 /3
I =(cosx), cosx>0 27. [ 2°% % sin x dx 28. f 2%%¢ ¥ sec x tan x dx
’ % o 0
S ¢ - 0%, x<l1 29. Which integral has the larger value: a, or b?
= pw) 1 1
£ =2mx a) f 269 de b) f 329 gy
o =(cosn)VE x>0 >0 ’ )
- Sleos oY, x > COSx 30. Find the derivative with respect to x of the following func-
Z...zte the integrals in Problems 17-28. tions.
- L 0 . a) y=2Wnx b) y =In 2*
| Sdx 18. Lz— dx c) y=Ihx d) y = (In x)?
Y ERY Find the limits in Problems 31-36.
* oy 20. f <E> dx 31. lim 27 32. lim 3*
& —1 X—x X——2oc

e —
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15.

17.

THE EXPONENTIAL FUNCTION eX

e

in

X
=X

e 1n (x )=eln(x )=X 2

1

- 1
lne* =—
X
In2 + lnx 1n2x
=e =2x
2
(x—x 2
ln e )=x—x
(x+1nx) x Ilnx x
e =e e = xe
\F

e

2 —_ 2 — 2
=x :\/ylne=lnx :)‘/y=21nx =>y=41n x

2
(x) 2x+1 y
e e =

In(y—-2)=1ln(sinx)-x = 1n

Yy

-=
e sinx+2.

2
&Sy=x +2x+1

y-

sin x
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19.

21.

23.

25.

27.

29,

31.

33.

35.

37.

39.

41.

43.

45.

47.

49.

Chapter 6: Transcendental Functions

3 3
y=ex =>ﬂ=3ex
dx
5—17 d 5—17
y=e * = -—y=—7e *
dx
2 2
y=X ex=%=x ex+2xex=xex(x+2)
X
in sin
y=eSl o dy =(cos x)e mE
dx
- 1 1-x
y=ln(3xex)= ln3+lnx—x:d—y=——l=
dx x X

sin'x dy sin'x 1
y —1 e => — e ——————
dx 2
1—-x

3 3 3 2 ==
y=(9x2—6x+2)e o %=3(9x2—6x+2)e * +(18x—-6)e * = 27xe
2 ) dy 2 o) N W
—(x _ _
Yy=X e = d—y=x (-2xe )+ 2xe =2xe (1-x)
x
d X
- X
y=tanl(e )=> 'a—y-=e—2x
¥ 1+e

3 -2x
y=xe cosb5x = lny=31lnx-2x+ 1n(cos 5x)

1dy _3_,_ S5sinbx _3

- =L ==_ =—-—2-5tan 5x
y dx X cos 5x b4
gy =y(-§-—2—5tan5x)
dx b4
1 d
lny =xsinx = L3y =sinx+xcosx = —l=y(sinx+xcosx)
y dx dx

2xX

e =sin(x+3y) =>2e2x=cos(x+3y)|:1+3-3%:|
2x

2e =cos (x+ 3y) +3cos (x+ 3y)%

2X
dy 2e —cos(x+ 3y)

dx 3 cos(x+ 3y)
_ln5 1n5
2 2 21ln5 21n3
exdx=-l—ex:l =-£[e 2t ]=l(25—9)=8
Jin 3 2 1n3 2 2
7 , =
esmxcosxdxﬁesmx} =0
J0 0
0 0
* - - 0 In(a+1
e dx= —ex:| =—[e -e ¢ )]=
J—1ln(a+1l) -ln{a+1)
.1 \/._ 1 1 2
eln xdx ='[ ‘/.;dx=-2—x3/2 = =
J0 0 3 3




51.

53.

. 55.

57.

59.

61.

63.

65.

in2

J‘ 243:x ——ge
0 e

6.6

in2
3 -31n2 0
x:| =—-8 (e e )=—8(£—1)=
0 8

n1l3

J —9—35; %ln(1+2e )] -;—(ln27—ln3) 1n 3
0 1+ 2e 0
J — _ _Ggx=tan'e ] =tan " 2-—
0 2% . 4
l1+e °
h h h
e —(1+nh e -1
lim ( )=llm =lim—e—=-1-
h—0 h2 h—0 h—0 2 2
2 X x
X +e 2x+e 2
lim =———— = lim = - =lims;-=1
XYoo X+e X—~—yoo l+e X—)oo e X0
(a) y=esmx, - < x<2W. y' (x)=(cos x)eslnx =0 & cosx=0.
(o & T 3m (E)_esin(%)_e (__1_:_)_ (31:
TT2r 2 2 Y\Z)T S Y\ Y,
. s sinnm
Testing endpoints: y(@)=e =1 and y(2x) =
T
The absolutemaximum=e at x= ? and the
. 3n
absolute minimum=—at x=-—— or -5—

(b)

:-r:]l':

f(x)=x21n-l—
x
—x(1+21lnx)

and f“(e—ll2

(a)

Linear:

' X
Quadratic: e =

(®) le;(x)| <

‘ez(x)[

= —x 1lnx = fr(x)= xz(i)—-lenx=0if
x

-1/2
=0 &x=00r x=e f*"(x)=-3-21nx
)=-2= f(etl/z )= ZLe is a maximum.
£x)= FR)=£" () =£" () =e
e = £(0)+ £0)x=1+x
£7(0
£(0)+ £(0)x + 2( )xz =1l+x+ %xz

2=%(1)(o 1)’ =0.005

Mx == (1)(0.1)° =~ 0.00017

2
<L
6

m|}-'

The Exponential Function e¥
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t

A(t)=joe *ax=

t t
-x 2 _ _l -2x =lt_ _
V(t)—ﬂ’.o(e ) dx—n[ e ]0 2(1 e )

2

(2) 1imA () = 1im (= “+1)=1
£ —Yoo

-2t

Ty
-2t
AL . E|1-e T
(b)llmm=llm—2-——t-—‘ =3
t—o0 ot —e +1
(t n| 1 -2 xf 267
- € e
(c)lim————l Mo |=lim | — =7
t_)°+ at) __)°+ 2 -t + 2 -t
—e +1 t—0 e
ax a ax
(a) y=Ce = XL =aCe =ay
dax

() Y - oy =>y=Ce_

dt

dx

2t

<_ig_=e—x, y=0whenx=4 =Y

-4 -4
0=-e +C=>C=¢e .

-X
=-e + C.

-x -4
y=-e t €

—l—--gX-:-}—, x>0, y=lwhenx=2

y+1dx 2%
dy dx

28X o Inly+1li

y+1 2x

T2

— 2 —
c=1n2—1n«12=1n——-=1n«12
N2

ln|1+y|_=ln\f;<_+ an-E:ln‘rZ_; = y+1=‘f§;

—-J;lnlxl +C

2
or(y+1) =2%

d ali, = —x] 1, x -x ,
—_— hx)=— =(e + =—(e —e =sinhx
3 (cosn ) dx{Z(e e )|=3! )

cosh (- x)= %-(e'-x re ) = —Jé-(ex —e )=cosh X

1
sinh (-x) = -2-(e

—-X X 1, x
- = ——(e -
e)=—7(

—-x R
e )=-—sinhx
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6.7 THE FUNCTIONS aX and au

X
in2 x1ln2

1n2
1. Ify=2"=e"% =e ,then-gl=(ln2)exn =(1n 2)2"
X
or y=2x=>lny=lr12x=xlr12,sol-d—y=ln2,ﬂ=yan=(;:2)2X
y dx dx
X
in8 1n8 1n8
3. y=8x=en =" =>§l=(ln8)exn =(lx18)8x
x
X
9 in9 in9
5. y=9x =e'" =" =>%=(ln9)exn =(ln9)9x
X
2 2
7. y=%)Y =@ ) =4%. Lo @1n 4"
dx
t
9. y=(sinx) anx, sinx>0 = lny=(tanx)ln(sin x)
2
Lldv_ =(tan x)(w)+ [1n (sin x)] (sec x)
yd inx
?11 y[1+(sec x) 1n(sin x)]
11. y=x x, x>0 =>lny=(lnx)(lnx)=ln2x
. lnx
2
1 y=21nx(i) - dy =2y (lnx)= Inx(x )
y dx X dx X X
b4
13. y=(1-x),%x<1 = lny=x1ln(l-x)
1 dy -X dy ( x )
=== +1ln(l-x) =>—X= +1n(1-
y dx 1-x n( x) dx Y x—1 n( x)) or
dy x( x )
—-—==(1- +1n(1-
L=0-0)" (FEr+ma-x
15. y=2xlnx ﬂﬂ=2x(l)+lnx(ln2)2x=2x[i+ln2(lnx)]
dx X X
1 1
17. Jsxdx= L x] =t 5-1n=—t
0 In5 o 1nb5 1n 5
' ' 1 ! 1 1 1
1 -x —x
19. —dx =| 2 dx=- 2 =— ——1|=
o bt T T l, ln2[2 ] 21n2
1
2x 1 2x 7! 1 2 4
21. 3 dx= 3 = 3 -1]=—
.L *= 2In3 ]o 213 T U
0 0
-x ln2 -x 1n 2 31ln2
. 4 1n2dx=~- 4 =— 1-4]=
23 J:l n2dx ln4 :|1 ln4[ 4= “Ind

2 2
25, J‘S(Zx—z)dx= 1 5(23(—2)]= 1 [52_501= 54
1 1

cos x -1 cosx:lz 1
. i = 2 = 2 - 21=
27 J-o 2 sin x dx o . ln2[ 2] = =



- 204 Chapter 6: Transcendental Functions

1 1

3x
29. (b),becauseJ‘ 2 dx=J
0

1 1
X 2X ’ X
8 dx, andj 3 dx=J‘ 9 dx
o] [+] o]

—X
31. 1lim2 =0

X—yoo
sinx sinx
-1 3 in 3
33. lim =1im (cos x)An3) _,, 4
x—0 b ¢ x—0 1

1
35. Let y= (ex+x)x so that lny=-:':ln (ex+x). We first £ind

X X
In (e +x e 1
lim——(-—)=lim =2, Thus lim lny=2, so
x—0 X x—0 x x=0
e +x
1

In b4 -_— 2
lime Y= lim(e +x)*x =e .

x—0 x—0
5
3 -5 1_;" 1
37. (a) lim——-—:]_im——-:Z

x4 (3% 42) 4(1 + %)
3

X
3 -5 0—-5
®) Lim — =0 +2 =_%
U 4(37+2) (0+2)

2
39. Let f(x)=2x—x , sothat £'(x)=(1n 2)2x—2x. Let x,=-0.5.

£(x,_,)
Using the iterative formula x, =x,_; — f,—(;——)-, we find
n-1

x=-0.766664696, y=0.587774756.
n
(1/x)

41, Lety=x andconsiderlny=-1—nlnx.
X
1
1 1
limlny=1im nnx=lim f_l =lim—n-=0. Hence
X—y00 X—>o0 x n—oo nx n—ee nx
n
1 1/ o
limeny=limx( x)=e =1

X—o K=o

43. Equation 2 implies line (a), commutativity of multiplication
implies line (b), Equaion 4 implies line (c), and Equation 2
implies line (d).



