u-dv:uv—jv-du

For u: Choose something that becomes simpler when differentiated.
For v: Choose something whose integral is simple.

Or try using tabular integration (see example below):

e

Ve

KPR <3

The products of the functions connected by the arrows are added. witr =:
middle sign changed, to obtain

N dx)
x%e* dx = x%e* — 2xe* + 2e% + C.
. as well
Notice the agreement with Example 4. [ ]
ZMTFLE T Evaluate
f x3sin x dx
by tabular integration.
Solution With f(x) = x> and g(x) = sin x, we have
f(x) and its g(x) and its
derivatives integrals
y related  — _
n 3 .
x % sin x
3x? —y>—cos x
éx\ —sin x
&
6 (-) Cos x
O\ sin x.
The products of the functions connected by the arrows are added, with e Sq
an be inte- other sign changed, to obtain
sgration by
an be cum- J x*sin x dx = —xcos x + 3x2sin x + 6x cos x — 6 sin x + C. a

lations that
lustrated in

PROBLEMS
In Problems 1-38, evaluate the integrals.
1. J’xsinxdx 2. [xcoslxdx 15. fx3e"dx 16. fx“e”‘dx
3. j x%sin x dx 4. f x%cos x dx 17. f (x? ~ 5x)e* dx 18. f (% + x + 1)e* dx
2
5. f xInx dx 6. f_rzlnxdx 19. fxse"dx 20. fxze“*dx
! 1 /2 /2
7. f *’In x dx 8. f In(x + 1) dx 21. f x?sin 2x dx 22, f x*cos 2x dx
0 0 0
9, J’ tan™!x dx 10. f tan~'ax dx 23. fx“cosxdx 24, fxssinxdx
11 f sin”'x dx 12. f sin~lax dx 25, fxzcos ax dx 26. fxcos(2x+ 1) dx
2 4
13. jxseczx dx 14, j 4x sec?2x dx 27. f x sec”lx dx 28, f sec™! Vi dx
1 1




- lrapter 7: Integration Methods

7.2 INTEGRATION BY PARTS
. Letu=x and dv=sinxdx = du=dx andv=-—CoOS X

stinxdx=—xcosx—j(—cos x)dx=-xcosx+sinx +C

2, 2 .
3. Jx sinxdx=-x cosx+2xsinx+2cosx+ C

2 .
X + S1nx
2x _®—-cos x
2 4 -sinx

0 cos x

5. Letu=1lnxanddv=xdx =>du=§dx andv=%x2

2

2 2 2
Inxdx= -1-x21nx:| —j —1-xdx= -l—lenx—-l-xz] = 21n2—1.
2 1 J1 2 2 4 1 4

J

7. Letu=lnxanddv=x3dx =>du=?];-dx axndv:%x‘1

jxslnxdx= lx4 1n x —J lx"'dx= ixq lnx—Lx4+C
4 4 4 16

9. Letu=tan'1x anddv=dx = du= dx andv=x

l+x2
-1 -1 x dx -1 1 2
tan ‘xdx=xtan x- =xtan x—E-ln(1+x ) +C
1+x
-1 dx
11, Letu=sin x anddv=dx =>du=-————— andv=x
2
1-x

2

. -1 s -1 L -1
Is:.n xdx=xs8in " x =xsin x + l1-x +C

_J' x dx
‘\ll—xz
13. Letu=xanddv=~seczxdx = du=dx andv=tanx
Ixseczxdx=xtanx—-[tanx dx=xtanx+ 1lnjcos x| +C
15. J'xsex dx=x3ex - 3x2ex+ gxe* —6e* + c= &* (x3 - 3x2+ 6x —6) + C

3 X

%

/\+

o

X

w
H]

X

v

®

o o
® o o O
%



"

7.2 Integration by Parts 2I°

17. J(xz —5x)e¥dx=(x’—5x)e" - (2x - 5)e* +2e* - 2e" +¢C

x* - 5x + e® =ex(x2—7x+7)+c
2x-5 \ex
2 \\ex

19. I efdx= ¥ —5xle®+20x°e® - 60x°e” +120xe™ —120e” +C

eX(x° —5x*+20x° - 60x” +120x —120) +C

5 X
X \e
5x4 ex
20;5‘\,(‘.@,x
60:1{2 \ex
120 x }&ex
120 e®
0 \ex
n r
7, 1 2 1 1 R
21. J' x sin2xdx=-—x cos 2x+—xsin2x+—=cos2x| =—-——
o 2 2 ) 4 o 8 2
xz\sin 2x
1 .
2x ——Cco0s2x
\\\:\\\> 2
1,
2 \—Zsu) 2x
0 —;— cos 2x

4 4, 3 2, \ ~
23. Jx cosxdx= x sinx+4x cosx—12x sinx—24xcosx+24sinx +C

4

x 4+ cosx
4x3 \sin X
12x° }*‘—cos X
24x }' —sin x
24 }‘ cos x
0 \b sin x




Integration Methods

2

i 2 X . 2% 2 .
% COS axdx= —sinax +—?cos ax——;s:.nax +C
a

a a

cos ax

x +
1 .
ZX\ —sinax
\ a
1
2 - cos ax
K a
1 \
—— sinax
3

0
a
- 1
27. Letu=sec1x anddv=xdx=:>du=——‘\7_d—x__-——'andv=—2-x2
2
Al x —1

2
j' -1 1 2 -1 1
x sec xdx =X sec x| —7%
1 2 2

-1 1 2 Xz 2% "JE
Aol =5y

—1—xzsec x— =
2 2 1 3
! 1 ¢ 1
29. j -——nxdx=—-ln2x = -
1 X 2 2
1
-1 —ax 1.2
31, Letu=sin -; and dv = x dx =du= —F0—— andv=TX
X x2—1
jx sinﬂl(}-)dx=-1—x2 sin—l(-l—)+j——§-di—= lxz sin_l(—l—) +-1- -1 +C
X 2 X z_, 2 X 2
% -

. X
=ginxdx =>du= € dx and v =—COS X.

33. Letu=ex and dv
jexcosxdx

X . X
." e sinxdx=—¢ cos x +
dxandv:sin X.

X

dv = cos x dx =>du= €
X .

Je sin x dx

Now letu= ex and

X . X X .

je sinxdx=—¢€ cos x+ e sinxXx-—
X ., X :

ZJ.e sinxdx= e (51nx—cosx)

1
jex sinxdx=-—2-ex(sin x—-cosx) +C



35.

37.

39.

41.

43.

7.2 1Intcgration by Parts 227

2 2
lLetu=e *® Jnd dv=cos 3xdx =>du= 2e ¥ gxandv = —sin 3x

Wl

J. ezx cos 3xdx= %ezx sin 3x —-i—j ezxsin 3x dx

Now letu= eZx anddv=sin 3 xdx =du= 2e2x dx andv=——-§- cos 2x.
j eZx cos 3xdx= %ezx sin 3x + —29-e2x cos 3x— %—J ezx cos 3x &x

1
%3—3- e’® cos 3x dx= ;ezx (3sin3 x+2cos 3 x)

jezx cos 3xdx= %ezx (3sin 3x+ 2cos 3x) +C
Let u=sin (ln x)and dv=dx = du=cos (in x)idx andv=x
jsin (1n x)dx=xsin (1nx) - j cos (1n x)
Now let u = cos (1n x) and dv=dx = du=-sin (1n x)-i-;-dx andv=x
+x sin(ln x)— x cos (lnx)—Jsin(lnx)dx
ZJ‘ sin(lnx)dx=xsin(ln x) — x cos (1n x)

jsin (lnx)dx:i;-(sin (Inx)-cos(ln x))+ C
'1 T
(a).[ x sin x dx =—-x cos x+sin x} =7 (See problem1)
0 0
on on on
(b)J‘ lxsinxldx=j (—xsinx)dx=xcosx—sinx] =3%
T T

T
1

von
0

1
- - - -2
xexdx=2n(—xex—ex):\ =2‘I\:(e2 )
0

e—2 dJdo -2 o 2—e
1 1
-_ 1 jixéezxdx— 1 [2x(x Bap3x 3% 3)]
Y=e-2J) 2 2(e - 2) 2 > 2 4/l
e —3
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n

3 2, T T )
12 (a) V=”_[ xsin’xdx =X - X sin2x _J' (x2_xsm2x )dx
° 2 o 0 2

Letu=x2 dv=sin2xdx Letu=— dv=sin2xdx
du=2xdx v=-2>i— s:.r;Zx du=-=dx v=-—=—cos 2xdx
3 3 Ty 2
_ X _x sin2x x° X COS 2X sin2x}_TC__7t_
2 4 3 4 8 c 6 4
9

(®) V=21tj (n-x)xsinxdx
)

T T

2 2 \
=2% [—xcosx+sinx:] 2% [-x cosx+2xs1nx+2cosx} = 87

0

0
'

47. M, = x0da =J.
0

x(1+x)sinxdx

T
=-—(x+x2)cosx+(1+2x)sinx+2cosx:| = +n-4
0
49. x=e"sint =>%::-{-=et(sint+COst).
t dy _ ¢ dx V¥ . (dy Y
y=e cost ) A (-sint+cost). ds= (——) +(__y_) dt
dt dt dt

T

2
e tcos t dt

=etﬁ dt. S =J27trds =21t\f_2-j

0

2r V2 2nV2 (e" -2
=——-—e2t(sint+2003t)T =#
5 0 5
dx x2 1
51. Letu=tan 'x =du= anddv=xdx =»v=—+C. TakeC==—.
1+x 2
. 2 2 2
- x +1 - x +1 d x +1 _
J.xtan lxdx= tan lx—J . z = tan lx-—-}i +C
2 1+x2 2 2

7.3 PRODUCTS AND POWERS OF TRIGONOMETRIC FUNCTIONS
f sin’x dx =J‘ (sinzx)2 sin x dx =J-(1 - cos’x )2 sin x dx

2 ] . 2 3 1 s
=J’(1—ZCos X+ cos x)sinxdx=—-cos x+ —cos x—=cos x+C

]

ki3

3 2 , 2 \ 1 ., 3
cos xclx=J',t (1-sin x)cosxdx=31nx—-551n x}

()

NERML]
Y]

=2
3
2

n
2



