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Important Formulas

x

1
1. Inx= j —dt, x>0 (definition of In x)
1

t
1
2. —Ilnx=—
dx x
1 du
3. —lnu=—"75-"
dx u dx
J'_diz{lnquC if u>0,
’ u In(—u) + C’ ifu<0 .

d . .
5. J’ au _ nfu| + C (1f u does nf)t cha.nge sign on the)
u domain of integration

PROBLEMS
In Problems 1-20, find dy/dx.
) 31. | tan 3xdx 32, | cot 5xdx
1.y=In2x 2. y=In5x
3. y = In kx (k constant) 4. y=(n x)? f 2 dx J sec?2x dx ;
5. y = 1n(10/x) 6. y = InG:? + 2) S g “J T+ mn '
7. y=(nx)’ 8. y = In(cos x) dx dx
9. y = In(sec x + tan x) 10, y=xInx—x ) ss'Jxlnx 36'Jm
11. y = ¥ In(2x) 12. y = In(csc x) ) ,
13. y = tan '(In x) 14. y = In(ln x) 37. J (In x)” dx
15. y = x* In(x? ! *
3 .
16. y =In(x*+4) —x tan~' > 8. J cos(ln x) dx
2 \ X
1 .. tan"lx
17-y=1nx—31n(l+x-)—’— jscc2x+secxtanx
x 39, | —
sec x + tan x

18. y = x(In x)*
19. y = x[sin (In x) + cos (In x)]

2. 2 e 40'-[(1+x2)tan_1x
20. y=xIn(a + x%) — 2x + 2a tan :1—

Evaluate the limits in Problems 41-44.
Evaluate the integrals in Problems 21-40.

Inx
1. lim —
n [ n 22 ot b
X x
4. lim In(In x)
. lim ———
23 Jﬂ . | -= = Inx
ok al In(l +2 2
1) — 24t
1 dx 0 dx 43. lim —1(—2’)_’
25. j 26. J' 1—0 t
b x+ 1 11— .
0 i 0 3 de 4. lim, In(sin 68)
27. J‘ 28. J 6—0 cot 6
L 2x+3 123
1 i _— 45. Find the area of the *‘triangular’’ region in the first quz=
29 J x dx 30. J _sinxdx bounded by the lines x = 1 and y = 1 and the hyp:~
o 4x? +1 o 2 —cosx xy=2.
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and hence In x increases without limit as x does. That is,
Inx— +00 as x—> +0. -

On the other hand, as x approaches zero through positive values, 1 /x tencs
plus infinity. Hence, from Eq. (4) we have

1
nx=-ln——> -0 a x—0". 5
X
The y-axis is a vertical asymptote of the graph of y = In x.

Properties of y = In x
1. Domain: The set of all positive real numbers, x > 0.
2. Range: The set of all real numbers —00 <y < 0.

3. It is a continuous, increasing function everywhere on its domain. -
X1 > xp > 0, then In x; > In x;. It is a one-to-one function from i::
domain to its range. (It therefore has an inverse, which will be ths
subject of the next article.)

4. Products, quotients, and powers: If a and x are any two positiv:
numbers, then

Inax=Ina+Inx, o
x

In—=Inx—Ina, 02
a

! Inx"=nlnx. i:

Express the logarithms in Problems 1-10 in terms of In 2 and In Problems 23-31, find dy/dx by logarithmic differentiar::~
In 3. For example, In 1.5 = 1r31(3/2) =In3—-In2. 3.y =x(x+1), x>0
1. In 16 2. V9 3. In2V2 —
4.1n0.25 5. In4/9 6. In 12 24-y=$/x_1, x>1
. 8. In 3 9. .
17 in\9//% In 36 In 4.5 25. y=Vx+3sinxcosx, 0<x<m/2
- VI 6y VL o
In Problems 11-22, find dy/dx. T
11. y=InVx? +5 12. y=Inx*? » S 5
T.y= 57> X>
1 241
B.y=ln—— 14. y=1r1\/3 cos x il
xVx+1 8. 5 o+ 1)°
28. =
15. y = In(sin x sin 2x) 16. y = In(xVaZ + 1) Y x+ 20
1 1+x 3 x(x + D(x —2)
= . = = . = - >2
17. y = In(3xVx + 2) 18. y 2 In T 29. y= 4 &+ D@+ 3), x
19.y=+n X 20, y=1In—— 30, y4/s = YSinxcosx
301+ 2+ 3x Y 1+2Inx
2+ 1y Vs 5 X tan~x
2. y=In —— 22. y= J Int dt 31. =————3—
Vi-x Yl 3 - 20Va
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6.4 THE NATURAL LOGARITHM AND ITS DERIVATIVE

2 1
. y=inaxs 8ol dpn_ 2 1
1 y=-a x=dx 2x dx( %) 2X X
dx kx dx kx x
5. y=ln(1o) in (10x )=—ln10 =>d—=—i
b4 dx
dy 21 31 2
7. y= (lnx) =>—-3(1n x) == =X
dx X
dy 1 . 2
9. y=ln(secx+tanx)= == (sec xtan x + sec x)

dx secx+tan x

sec x(tan x + sec x)

= =sec X
secx+tanx
dy 2
11, y= xln2x=>——x +3xln2x x(1+3ln2x)
dx 2x
13. y=tan_1(lnx)ﬁ(C;—Y=——l-—2—(%)=-;2
¥ 1+1in'x x(1 + 1n x)

2 2
15. y=xln(x)=-§-§-=x (Zx)+2xln(x) 2x[1+ 1n (x )]
X

-1
2

17. y=lnx—+ln(1+x )- 20X

2 X

ety
1+x 1+x b4
_ 1 _ 1 + tan 'x _ tan 'x
X X

2 2
x(1+x) x(1+x)
19. y=x[sin(lnx)+ cos(1lnx)]
%— =[sin(lnx) + cos(lnx)] + x[cos(lnx)(i) - sin(lnx)(%):l

= 2cos(1lnx)

21. —ln|x|+C

23. Ig—= —lnix| +C
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1 1

25. J dx =ln|x+1|] =1n2-1nl1=1n2
o]

x+1
[o]
0 0
27.‘[ d _ _Llin2x+431| ==[ln3-1nl]=<1n3
L 2x+3 2 2 2
-1
1 1
R
2
29. -Xde—=—£13-1n(4x +1) =-§-1n5
4x + 1 0
31. tan3xdx=J‘-&3x-dx=—llnlc053xl+C
o cos 3x 3
' P 1 ,
33, | 29X __Llina-x+cC
3 3
J 4—x
dx =I§3=1n|u|+c=1n|1nx|+c
J X 1nx u

Letu=1lnx=du =,idx
X

2 1ln2

2 ln 2
1 2 3 3
37. (1nx) dx=J udu=su =127
1 X 0 3 . 3

Letu=lnx=>du=idx; x=1=2>u=1lnl=0; x=2=>u=1ln2

2
J‘ sec x+ secxtanx

=1
dx =Ju du=1ln|ul+C=1ln|secx+tanx|+C
secx+tanx
2
Letu=secx+tanx=>du=sec xtanx+ sec xdx
1
41. limlnx=lim x |=0
x—e X X—oo | =
1
2 -4
. In(1+2t)-2t . -2 \ _—
43. 1lim =1lim| 142t =1lim| (1+2t)® (=2
t—0 £2 £—30 —T— t—0 ——2—

2 2
45, A=I (-z——l)dx=2 lnlxl—x] =21n2 -1
1 VX 1
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1
- L]
47, A=j 2 dx=2tan 'x];= —
2 2
0 1+x

4

1
-~ 1
w22 [ (2 Yar=21n 11402 ] = 2202
Tdo 1 +42 T o T

2]":2,0).

dx sect tant + seczt

y=0by symmetry. .. (>_<,§)=(

49. x=1ln(sect+tant)-sint === ~cost

dt sect+tant
dx \? 2 2 2
(-(E-) =(sect-cost) =sec’t-2+cos’t.

d dy Y
y=cost=>—y=—sint=>(%) =sin’t

dt
: 2 2 x
s=f\/(:—:) +(§%) dt =.L3 o'sec’t =2+ cos?t + sin’t at
0

ki x ki3
J.a-\/seczt—l dt=f3tantdt =J-3ﬂdt=
0 0

0o Cost
T

—lnlcostl]3 =—[ln-1——ln 1]:—1n1=1n2

2 2
6.5 PROPERTIES OF THE NATURAL LOGARITHM
1. 1n16=1n2'=41n2

3
3. 1n2¥2=1n22

3
==1n2

> n
5. ln%=ln4—ln9=21n2—2ln3
7. ln%=ln9—ln8=21n3—3ln2

9. ln4.5=ln%=ln9—ln2=2ln3—ln2

1

13. y = 1n = -1ln xyx + 1=—(lnx+%ln(xz+ 5)

xVx+l

W
on
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il__[l.+___1___]
dx b 2(x + 1)

-1
sinxsin2x

L.y = 1n(sinxsin2x) ﬁ% = ~?%{'(sinxsin2x)

sinx (2cosx) + (sin2x) cosx
sinxsin2x

_ 2cos2x + 2cos?x
sin2x

17. y=1n (3x¥x + 2) = 1n 3x+%’ln(x+2)

1 x3
19. vy =73 1n (I—:—;g)
=-13- [lnx3—ln(l+x3)]
dy _}_[sz _ _3x? ]
dx 3 x3 1+X3
2 4 5
21, y = 1n lﬁ:—-ll— = 51n(x2 + 1) - %in(l - x)
- X

gy _ 10x 1
dx x2 + 1 2(1 - x)

23, y2=x(x+ 1, x>0

2lny = lnx + In(x + 1)

2dy L, 1 __dv_x(l —Li
ydx_x+x+1=>dx—2 x P x+1

n
25. Y= Nx+ 2 sinxcos x, 0<x<-§ =>lny=-]£-ln(x+2)+1nsinx+lncosx

_}__d_y____ 1 +c<?sx_sinx
y dx 2(x+2) sinx cos X
d

ax y[2(x+2) cot x—tanx
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x(x—-2
217. y=.3/+-—),x>2 =>lny=%[lnx+ln(x—2)—ln(x2+l)]
x"+1

1 1 1 2
dy____+ _ X =>_<_il=_y__l_+ 1 2x
ydx 3l x x-2 2.4 dx 3 L1

x XxX—2
29 yz\/x(x+l)(x—2)’ >0
(2 + 1)(2x+ 3)

lny=%[lnx+ln(x+l)+ln(x—-2)—ln(x2+l)——ln(2x+3)

lay_3f1, 1 1 2x 2
ydx 3| x x+1 x-2 2.1 2x+3

EX:l i_*_ 1 + 1 2% _ 2

X 3 x x+1 XxX—2 %241 2x+ 3
—_ x°tan *x

31. = ————

(3-2x) Vx
-;'—y=51nx+lntan_lx—ln(3—2x)—-§-lnx
ldy_5,_1 1 .2 1
2y dx X  paptx 1+x? 3-2x 3x
dy =2y 14+ 2 + 1
dx 3x  3-2x (1+ x®)tantx
o] 1

33. dx =ln|x+3|] =1nd4-1n2 =1n2
-_1X+3 -1
n n r
o — — 2 -
35. nz cotxdx=jn2c—?s—§dx=ln|sinx|i| = 1nv?2
s Jad - Sinx r
4 4 4
ri2x—5 ! 5 ¢
37. dx = 2—— dx=2x~51n |x|| =4—-51n2
J2 X 2 2
= 16 -1/2
d 16
33. (a) Is X dx =——J.25—u——-—ln| I:lzs—ln( ) =ln2
0 1-—x° 1 25 4

Letu=1—x2 =>du=—2xdx=>xdx=—%u;

x=0=>u=1; x—2=>u— 16

) 25
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N

3 3

(b) J.S._di—-zs],n- X 5=S:Ln_1‘35‘
° 1-% °
3 -1
= 5

© Js xdx __ l—xz] 1
° 1-%x e >

41. (a) vy = logix| (d) v = |1nx|

2x b3
43, lim‘ -l—dt =lim[lnt£ =1im[ln2x—1lnx]=1n2
X t X—yoo

X X—yoo

45. The region isboundedbyy= i andy=(x- 3)2 . These curves
X
\ 4 _ 2 3 2 _ 2 _
intersect where —=(x—3)" & x ~ 6x° + 9x— 4=0& (x-1)" (x— 4)=0
x

orx=1,4. Then:

4 4
A=J [i-(x—3)2]dx=4 1nix| -—-1-(x—3)2] =41n4-3
1 X 3 1

4

O e G

47. (@) If £(x)=1n(1+%), thenf'(x)=lix,f"(x)=—(l >
+x

and

( 3 Then L(x) = £(0)+ £(0)x =1nl+ (1) x= x.
1+ x) ' .

f”(O)
2

fllf (X) =

0 (x) = £(0)+ £(0) x +

2 1 2 X
=1n1+(1 —_ =g — —,
x“=1n (L)x > X x=7



49,

(®)

(@)

(b)

6.5 Properties of Natural Logarithms
le (x)] S%Mlxz, whereM, =max {|£f” ()} : 0<x< .1}=1
1 2
Soleg ()< E(l)('l) =0.005

le, (x)1 <=M, Ix|3, whereM, =max {|£”(x)|: 0Sx< .1}=2.

o |+

o ey (%) s%(z)(.l)3 =0.0003

Inl.2=1n(1+ 0.2) = 0.2 by (16)

~ (.2)?
=0.2->=

1n l.2=i|:l+4 (—l—)+L] = 0.18232by Simpson's Rule.
3 1.1 1.2

=0.1800 by (17)

In.8=1n(1-0.2)= -0.2 by(16)

—.2)?
~—0.2-4 2) = —0.2200 by (17)

ln .8 = —?1[ —l—+4(ig)+1:|= —-0.22315 by Simpson's Rule.

.8
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