476 Chapter 7: Methods of Integration

PROBLEMS
a In Problems 16-22, evaluate the integrals with the substitutions
u given.
6 dy
pr— 16. j _—, =4 secu
Va2 - u? 4216 Y
u=asin 6 u=atan @ .
9 =sin-1% 6= tan-1% 17.£\/x7—4dx, x=2secu
a a
(a) (b)
18. J X = Cos u
1 - X
“ )
ul-a @ — 2 i
v l9.j o 72, x=3sinu
a
u=asec 6 20. f X =tan u
“ l + x?
6 = sec! 2 53
(c) 21. f L X =csCu
s/a x2Vx? — 1
Reference triangles.
\V4 1 —
22. X dx, x = cos®u

1/2 X
In Problems 1-15, evaluate the integrals.

2 Evaluate the integrals in Problems 23-38.

dx
W[k [ 5
4+ b 8+ 2x J’ 5 j dx
23, V25 — x“ dx 24, | ——
dx o 1 — 4x?
[ s 2 N
1+ 4x2 o V9 —x2 dx dx
25. 26.
1/2V2 V2/4 e Va4 —(x — 1)? o V4 + x?
5. f 6. f —_— 3/2
VI-a? N . f 12 dx 2. x dx
. J‘ f 3 dy V4 x2 o V4 +x?
) \/25+yi V1 + 9y? x3 dx x+1
29, e 30, | ——=dx
9 J‘ ) 10 f —Z 4o
) V25 + 9y2 ) Vz¢ — 4 31 I dx 32 f —dx
. > . 5
3dz xVx* - 1/4 V2 -5x
1., | ———— 3 (1/2)in3
2 A1 — X
vzt -1 33.[%& 34.f a2
X 0 1+e
o [ ot v
) — 3s. J —_— 36. J’ =
25z —9 s xVI — 22 (1 — x%/?
8 .
13.J _ & 37-[#23/2 nfM
3/v3 xVx? — 16 (@ —x% V2 = cos?6
NG 39. Evaluate
14 f & y dy
A 7 _ _Fe
> xVaP-3 V16— y?
1
15 J dx a) without a trigonometric substitution,
Va2 Vax® — 1 b) with a trigonometric substitution.
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7.5 TRIGONOMETRIC SUBSTITUTIONS

2
Letx=2tanu =2 dx=2sec udu

T ) E n
dx 4 2sec udu 41 1 Y T
' 2 n?du:?u] =7
2,4+x T 44+ 4tanu I _,741
2

3.0 [ llf 2ex 1

1+ 4x° 2 1+ (2x) 2

n L3

r T 3

8 - 2
5. _[ — 23X _sinlew)| =—=

o 2 2

1—-4x o
2
7. Let 5tanu=y = 5Seczudu=dy, J‘ dy =J 5sec udu
V25 +y” A/ 25+ 25 tan’u
‘ 25+y°
=Jsecudu= ln|secu+tamu{_—.1n|_g__....__,,gI_*_C
5 4 2 sec’udu
9. Let5tanu=3y = 5sec udu=3dy. J—————y =
A/25+9y° " af25+25¢tan’y
2

‘\/25+9y I
= = llnlsecu+tanul=%’ln _T—_+§é¥_ + C

lJ‘ secudu
3

(Note: the denominator may be absorbed into the constant)

3dz _ | secutanudu

11. Let 3z=secu = 3dz=secu tanudu. ThenJ.

=Isecudu=ln|secu+tanu | =1n |32+‘\/ 922—1 | +C

‘\/seczu—l

922—1

8
dx

13. Letx=4secu =>dx=4secutanudu. Then JS —_—
T3- xv x2—16

wla

4 secutanudu

= T
3 4secu‘\/ 16sec2u—16

1
4

1
ZZJE du
6

!

wla

19
24

ala



1 -
15. Let x=--secu =>dx=—;-secutanudu. Then J\':‘——-;——

Ny
"

z
z
ul 3
3 1 T
du=—u| =737
J-.E 2 n 24
! 1

=1
2

n 1
I —secutanudu
32
—Jr
4
EL .

[ 2
secuN secu—1
=— ,XT23>W=_

Let x=2secw =dx=2 secwtanwdx, x=4=W 3

J-‘\/x —4dx~= 2-[ ‘\/4secw 4secwtanwdw—4j

17.

wla

2
tan wsecwdw

—4“‘ (sec w—1)secwdw= 4.[ (sec w—secw)dw 1:
]_3'
|—ln|secw+tanw])O

T

=4(-1- secwtanw+%—ln |secw+tanw
] =av3-21n(2+V3)

= 2secwtanw—2. ln|secw+tanw]

(For integration of J’ sec3 wdw, see Sect. 7 .3, BEx 3)

d
Let x=3sinu = dx=3 cosudu. Then — X =
2 2

19.
b 9 —x

2
9-x
3cosudu =-l-jcsc2udu=—-1—( }+C
9 9 X

9sin‘uaf 9 - 9sin’u

21.

2 = 2
—cscucotudu 3 x—l]
5 (-sin u)du=
= X

3
5 J_—_—_
K= — 2 2
4 cscu csc u—-1 4

Let x=5sinu =dx=5cosudu, x=0=u 0,

x=5=u=—.
2

23.
z
2

J“\lZS—x dx—j ‘\/ 25-25sin u SCosudu—ZSI coszudu

2571

o —

=ZSI (-}-+-1—0032u)du 25(—-u+—1-51n2u)] =
2 2 2 4 4
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29.

31.

33.

35.

)
~J
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5 T T E

5 x 3

J‘ dx 6 2cosudu J’S ]6 T
_—— = e e du =u =E
)

: 4—(x—l)2 ° ‘\/4—4sin2u 0

kL
Let x =2 sinu = dx =2 cosudu, x=l=>u=—6-, x=0 =>u=0,

4 T £
3 s 6

12 dx =J' 24cos u du =12j du =12 u} P
0 0

Jl
0‘\/4—x2 '\/4—4sin2u o

2 T
Let x=tanu =>dx=sec udu, x=0=>u=0, x=1=>u=Z.

1 3 4 3 2 z
x dx 4 tan” usec udu 4 3
= = tanusecudu=
0 /2 0 / 2 0
x +1 tan u+1

T

1 3 :\4 2-\[?3-
-—se - secu = —_——
3 cu 0 3

Letx=—;—secu =>dx=%-secutanudu. Then

1
E-sec u tanudu

J—=-]
xa [ x° - ES -l—sec u iseczu L
4 2 4 4

=j 2du=2sec 2x+C

Let x=sinu = dx=cosudu. Then
X sin'u
2
2 1-—-x =
=lcot"udu= —cotu-u +C=- —sin x+C
X
4 4 4
— K - K= -—
5 dx 5 cos u du 5
3 T——FF/—— = 3 = 3 CscC u du
- 2 2 X = — 2 L2 X=—
4 X 1-x 4 s:.nu‘\/l-sulu 4

dx a cos udu 1 2 1
—_— = = = | sec udu=—
3 3 2 2

2 2.7 2 2 2 a a
(a -x) a —a sin u

n
scx—1=2sinu = dx =2 cos udu, x=2=>u=-6-, x=1 =>u=0,.




